TRIAL HIGHER SCHOOL CERTIFICATE EXAMINATION

2000
3/4 UNIT MATHEMATICS

Time Allowed : TWO HOURS

(Including 5 minutes reading time)

Instructions to Candidates:

All questions are 10 be attempted

All questions are of equal value

All necessary working should be shown for each question
Non-programmable calculators that are Board approved are permitted
A table of standard integrals is provided.
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Booklet Order:

Booklet 1: Questions 1 and 2
Booklet 2: Questions 3 and 4
Booklet 3: Questions 5, 6 and 7




0uestion 1 (Begin a new booklet)

()

(b)

(¢)

(d)

Evaluate j
PV4-x’
(3 marks)
S P _‘E
For y = —3sin 5
1) State the domain and range.
i) Sketch the curve.
r (3 marks)
If tan—g— =1, express I—é—sinetang in terms of 1.
(3marks)

Find the constants a, b such that x* —2x —3 is a factor of the polynomial
f(x)=x"=3x" +ax+b.

Question 2

(2)

(b)

(c)

(d)

(3 marks)
Find _xdx using the substitution v =1+ 2x.
1+2x
(3 marks)
(1) Show that the equation log, x —cosx =0 has a root between x = land
x =2

(11) By taking x =1.2 as the first approximation, use 1 step of Newton’s
method to find a better approximation to this root, correct to 2 decimal
places.

(3 marks)

Express 3cos x + 4sinx in the form A4cos(x —a) where A> 0. Hence, or

otherwise, solve 3cosx +4sinx=-3 for 0 <x< 360°.
(4 marks)

2
Evdluate ch05 “Dxdx .
0

(2 marks)
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Question 3 (Begin a new booklet)

(2)

(b)

(c)

(d)

Solve the equation  2In(3x+1)—In(x+1) = In(7x + 4)
(3 marks)

Figure not to scale

Water is being let into the conical vessel shown at a constant rate of 8 cm* /s.
When the depth is 12 cm, find:
(1) the rate of increase in the depth (in terms of x ), and

(11) the rate of increase in the area of the top surface of the water.

(5 marks)

Psin 4 = Pcos A+ O, show that P:—_—Q—SEB—.
tan B sin(A4 - B)

If
(3 marks)

Differentiate with respect to x: y =cos” (5x —4)
(1 mark)

(UB]



Question 4

e

(a) The acceleration of a particle moving in a straight line is given by :

¥ =3—4x

where x is the displacement in metres, from the origin and 7 is the time in
seconds.
If the particle starts from rest at x =1 metres,

(1)

(1)
(iii)

Show that the velocity of the particle is given by:

v =2(=2x> +3x-1)
Identifv the second position where the particle will come to rest.
What will be the acceleration at the second position where the particle

comes 1o rest?
(6 marks)

(b) The diagram shows the path of an object launched at an angle of 30° to the
horizontal with an initial speed of 40m/s from O. The acceleration due to gravity is

taken as 10m/s?, and air resistance is ignored.

(i)

/
As}

40m/s

00

d_f =0 and c; 3} = —10, derive expressions for the

2 %

horizontal displacement x(r) and the vertical displacement y(r) of the
object from O, ¢ seconds after launching.

Using the equations in (i) above, calculate the time it takes for the

object 10 land at A and the distance OA.

Given that

(6 marks)



Question 5 (Begin a new booklet)

(2) Use the method of Mathematical Induction to show that:

n’ +2n is divisible by 3 for all positive integers n > 1.
(5 marks)

(b) (1) Determine the equation of the tangent to the curve C: y = 2x? at the
point P(¢,2¢%).
(11) The point Q lies on the curve C: y = x> +1, on the same vertical line
(ie with the same x coordinate) as the point P of part (i). Show that the
equation of the tangent to C, at Qis y =2 +(1—1%).
(i)  Find the precise locus of the points of intersection of these two

tangents, as the common x coordinate ¢ of the points P and Q assume

all positive values. Indicate this locus on a sketch.
(7 marks)

Question 6

(a)  Let f(x)=x"—4x forall real x.
(1) Explain why f(x)forall x > 2has an inverse function, /' (x).
(ii) State the domain and range of /~'(x).
(iii)  Find the coordinates of the point where y = f(x) andy = f'(x)

meet.
(iv)  If 0<a <2 then find the value, in terms of a, of /' (f(a)).
(6 marks)
(b)
A P
The circles touch at T. ATB is a straight line. AP is a tangent to circle PTB
and BQ 1s a tangent to circle QTA.
Prove that AP’ + BQ’=AB’ (3 marks)
(¢) Show that tan™ 1 + tan"(i) -
4 5) 4
(3 marks)



Question 7

(2)

(b)

(c)

If @, # and y are the roots of the equation x* —~4x+1=0 evaluate:

B a+pry
(3 marks)

A beaker contains a coloured solution in which the amount of colouring, Q, is
known to change at a rate given by %—% =-0.02(Q —30) . Initially the beaker

contains 70g of colouring and ¢ is in minutes.
(1) Write down an equation for Q in terms of 1.
(i1) Find the amount of colouring, to the nearest gram, in the beaker after

45 minutes.
(3 marks)

Assume that the tides rise and fall in Simple Harmonic Motion. A ship needs
10 metres of water to pass down a channel safely. At low tide the channel is 9
metres deep and at high tide the channel is 12 metres deep. Low tide is at 9 am
and high tide is at 4 pm.

(1) State the period and amplitude of the motion.

(11) Between what times can the ship be assured of safe passage?
(6 marks)
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